In this paper, we study the tree amplitudes with gluons coupled to gravitons. We first study the relations among the mixed amplitudes. With BCFW on-shell recursion relation, we will show the colororder reversed relation, U (1)-decoupling relation and KK relation hold for tree amplitudes with gluons coupled to gravitons. We then study the disk relation which expresses mixed amplitudes by pure gluon amplitudes. More specifically we will prove the disk relation for mixed amplitudes with gluons coupled to one graviton. Using the disk relation and the properties of pure gluon amplitudes, the color-order reversed relation, U (1)-decoupling relation and KK relation for mixed amplitudes can also be proved. Finally, we give some brief discussions on BCJ-like relation for mixed amplitudes.
Introduction
Gauge field and gravity are two important objects in theoretical physics. They contain all the fundamental interactions in nature. To study the properties of gauge field and gravity, we should investigate the perturbative scattering amplitudes in both theories. The amplitude relations play an important role in both theories.
In gauge field theory, many relations among pure gluon tree partial amplitudes have been found. They are color-order reversed relation, U (1)-decoupling identity, Kleiss-Kuijf(KK) relation [1] and BernCarrasco-Johansson(BCJ) relation [2] :
Color-order reversed relation for pure gluon tree amplitudes is
.., g n ) = (−1) n A(g n , ..., g 1 ).
[C-O-R-pure]
(1.1)
U (1)-decoupling identity for pure gluon tree amplitudes is
A(g 1 , g 2 , ..., g n ) + A(g 1 , g 3 , g 2 , ..., g n ) + ... + A(g 1 , g 3 , ..., g n , g 2 ) = 0. A(g 1 , σ, g l ).
[ KK-pure] (1.3)
Fundamental BCJ relation 1 for pure gluon tree amplitudes is s g 2 g 3 A(g 1 , g 3 , g 2 , ..., g n ) + (s g 2 g 3 + s g 2 g 4 )A(g 1 , g 3 , g 4 , g 2 , ..., g n ) + ... + (s g 2 g 3 + s g 2 g 4 + ... + s g 2 gn )A(g 1 , g 3 , ..., g n , g 2 ) = 0.
[BCJ-pure]
(1.4)
The color-order reversed relation and U (1)-decoupling identity can be regarded as two special cases of KK relation. To see this we can choose l = 2, {α} = φ and {β} = {g 3 , ..., g n } in (1.3), we get color-order reversed relation (1.1). When we choose l = n − 1, {α} = {g 2 , ..., g n−2 } and {β} = {g n }, we get the U (1)-decoupling identity (1.2) . Being different from the other three relations, the BCJ relation have nontrivial factors before the amplitudes. The factors are constructed by s g i g j . With KK and BCJ relations, the pure gluon amplitudes can be expressed by (n−3)! independent amplitudes. Both KK relation and BCJ relation can be understood by the monodromy in string theory [3, 4] . The field theory proof of these relations are given in [5] [6] [7] (See [8] for N = 4 SYM).
In the second case, there is disk relation for amplitudes with n gluons coupled to m gravitons which express the (n, m) mixed tree amplitudes by n + 2m-point pure gluon tree amplitudes. This relation was first considered in string theory [4, 27] and have been shown to hold for MHV amplitudes with only two negative helicity gluons [28] . In [28] , a helicity independent formula of disk relation for (n, 1) amplitudes is conjectured. In this paper, we will use BCFW recursion relation and the relations among pure gluon amplitudes to prove the relation for (n, 1) amplitudes. Using the disk relation for amplitudes with n gluons coupled to one graviton and the relations among pure gluon amplitudes, we can give another proof of the color-order reversed relation, U (1)-decoupling identity and KK relation.
The structure of this paper is as follows. In section 2, we will discuss the mass dimension of the amplitude. In section 3, we will give the three point amplitudes for mixed amplitudes by S-matrix program. In sections 4, 5 and 6 we will prove the color-order reversed relation, U (1)-decoupling identity and KK relation for mixed amplitudes by BCFW recursion relation. We will prove the disk relation for mixed amplitudes with only one graviton in section 7. In the sections, 8, 9 and 10, we will give another approach to the color-order reversed relation, U (1)-decoupling identity and KK relation for mixed amplitudes with only one graviton by disk relation. At last, in 11, we will give some remarks on the BCJ relation for mixed amplitudes and disk relation for mixed amplitudes with more gravitons.
Mass dimension of amplitude
As we have said, in this paper we will use the BCFW on-shell recursion relation plus some general principles in quantum field theory to discuss the tree-level amplitudes of gluons coupled to gravitons. These general principles include Lorentz invariance, gauge symmetry, dimensional analysis and analytic property etc. We will discuss the implication of these general principles one by one, but in this section we will focus on the analysis of mass dimension.
The mass-dimension of pure gluon amplitude: The mass dimension of pure gluon tree-level scattering amplitude is (4 − n) 4 . The reason for this result is following. First the mass dimension of gauge field A is one. For the calculation of scattering amplitudes, we have replaced off-shell field A by on-shell polarization vector (the wave function) which is dimension zero(for example λ λ q|λ ), thus each time we add one external particle, we have reduced the mass dimension by one. Secondly, the inner gluon propagator is given by following replacement AA → 1 p 2 , so each gluon propagator reduces the mass dimension by four. Using above two observations and the starting point that each vertex is mass dimension four (so under the d 4 x will give mass dimension zero), we reach the conclusion that the mass dimension of n gluons is (4 − n). Furthermore the overall coupling constant of n gluons is g n−2 where g is the coupling constant of gauge theory.
The mass-dimension of graviton: The mass dimension of graviton field h is again one. The big difference from gauge theory is that the coupling constant κ has mass dimension minus one. Similarly to gauge theory, each time we add one external graviton the total mass dimension is reduced by one 4 The mass dimension of spinor is 1 2 , thus the Lorentz invariant contraction 1|2 has the mass-dimension one.
which each inner propagator of graviton reduces the mass dimension by four. Combining these together we know immediately that the total mass dimension of n graviton amplitude is (4 − n) with the form κ n−2 M, thus the mass dimension of M is always 2. This is consistent with the KLT relation where we have M n ∼ A 2 n s n−3 , so the mass dimension by KLT relation is 2(4 − n) + 2(n − 3) = 2. The mass dimension of gluon coupling to graviton: Now we consider the mixed case where n gluons couple to m gravitons. For this case, the mass dimension analysis is a little bit complicated. To see this, let us start with three-point vertex. The dimensional analysis, Lorentz invariance plus the weak coupling limit tell us that the leading contribution must be κ∂ 2 A 2 h. Using this to construct the effective four-point vertex, we obtain κ 2 ∂ 2 A 4 or κ 2 ∂ 2 A 2 h 2 . Thus we see that even for A 4 vertex, there are two of them: one from pure gauge theory with coupling g 2 and one by contraction of gravitons with coupling κ 2 s ij . In string theory, we have g ∼ κℓ (where ℓ is string scale) and both terms are equivalent important. However, in field theory these two coupling constants are independent to each other and we can take different ordering. In this paper, we will take the limit g ≫ κ, thus the leading contribution of given external particle configurations are these without inner graviton propagators. In this paper, we will focus on these leading contributions which can be used to compare with these obtained from string theory by taking the field theory limit. The general form of these leading terms are g n−2 κ m M n;m with mass dimension [M n;m ] = 4 − n. As we will show later, we have M n;m ∼ s m A n+2m and it is easy to check the mass dimension is indeed right.
We want to emphasize one thing also. For our study of mapping, the amplitude of pure gluon part is not general, i.e., the particles corresponding to gravitons having special momenta. Thus what we have is a special limit of these pure gluon amplitude. As we will see, there is some nontrivial thing happening.
The three point amplitudes
In this paper, we try to make the discussion as general as possible, particularly we do not want to use the explicit Langrangian formula. The only unfamiliar assumption we have made is the applicability of BCFW on-shell recursion relation for the calculation of tree level scattering amplitude. To be able to do recursive calculations, there is a staring point, i.e., the three point amplitude. In this section we will show that for three point amplitudes of given massless particles with definite helicities, Lorentz symmetry, spin symmetry, gauge symmetry plus the mass dimension almost uniquely fixed them to be (See the paper [26] ) a particular form. Let us see how this is reached.
First, momentum conservation tells us that we should focus only on the holomorphic part or antiholomorphic part. From the Lorentz symmetry and spin symmetry we have following differential equation for three-point amplitude
where
is a particular solution of (3.1) with mass dimension h 1 + h 2 + h 3 . Now we write M 3 = F 3 G 3 with arbitrary function G 3 , thus the equation for G 3 is
which up to some delta-function case, has only constant solution with mass dimension [
This lead us to write down A(g 2 , g 1 ; H 1 ) which is trivially true. This relation will be used in our late proof of some relations.
Having above general discussions, we will give more details for different configurations. Since results for pure gluons or pure gravitons are well known, we will focus only on the mixed case A n,m with mass dimension (4 − n).
One gluon plus two gravitons
The simplest case is one gluon with two gravitons with mass dimension three. Let us proceed it by dimension analysis. Using parity symmetry we can focus on following three helicity configurations.
, which has the dimension five, times a factor which is helicity neutral and mass dimension minus two. The only possibility is to insert s ij at the denominator, which is singular. So we know this helicity will have zero amplitude.
Helicity A(g
, which has the dimension one, times a factor which is helicity neutral and mass dimension two. Thus we need to insert a factor s ij in numerator, which will give zero result on-shell. 5 Here we have excluded the case where we can construct the Lorentz invariant contraction other that | . For example, in the non-commutative field theory we can construct kµqνθ µν with antisymmetric constant θ. 6 In this paper, we use M and A to denote the total amplitudes and partial amplitudes ,respectively. For amplitudes with n gluons and m graviton, the two amplitudes are connected by color decomposition:
, ..., g σ(n) ; H1, ..., Hm) .
, which has the dimension three, times a factor which is helicity neutral and mass dimension zero. Thus this configuration could be nonzero. Thus this example shows that just dimension analysis plus Lorentz symmetry can not exclude its existence, the gauge symmetry must be used. The reason that we must have at least two gluons to be gauge invariant is because non-abelian gluons carry color charges, so the charge neutral condition requires this.
Two gluons plus one graviton
By parity symmetry we can fix graviton to be positive, thus we have following three helicity configurations with mass dimension two to consider. 
with mass dimension four times another helicity neutral factor with mass dimension minus two. The only way is to insert a factor s ij in denominator which will be singular. Thus the amplitude should be zero.
: This is the tricky case since h i = 0. The holomorphic part has factor
Both have the mass dimension zero while we need mass dimension two, so the only way is to insert a s ij factor. Thus no matter which part (holomorphic or anti-holomorphic) we take, the insertion of s ij will give zero result. This is also consistent with our claim A(g
) (See the disk relation given in [28] ) as we will discuss late.
with mass dimension two times another helicity neutral factor with dimension zero. Thus this configuration can have nonzero result and in fact, it does. Let us discuss this helicity configuration more carefully. By the mapping relation we will present late, we will have A(g
) has only one negative helicity and is zero. However, the whole conclusion is very tricky and let us do some general analysis based on symmetry and dimension.
By spin symmetry and mass dimension we get following general expression
where we have used the on-shell condition for four gluons (i.e., p 2 i = 0), but not the momentum conservation condition as well as the color ordering information. Parameters like b, a are free integers. Using the momentum conservation, we can write 6) and similarly another factor. Furthermore,
and similarly another factor. Having done all these we will have following expression
where we have used the s g 1 g 2 = s h 1 h 1 etc. The color-ordering information tell us that we should have pole s g 1 h 1 and s g 1 h 1 with power at most one in denominator. Finally mass dimension zero tells us that the solution should be
Formula (3.8) is well-defined if momenta of four particles are general distributed. However, for our consideration, momentum configuration is very special
) is singular and we should put the whole gluon scattering amplitude to zero.
For A 2;1 , thing is different since we will have
After using momentum conservation s g 1 g 2 = −s g 1 h 1 − s g 1 h 1 and finally the degenerate limit
which is well defined. We can have another understanding by using the BCFW recursion relation. Using the BCJ relation, the mapping can be write to another form A(g 
Putting it back and using h 1 = |h 1 ] in our special momentum configuration we have
. Multiplying the factor back we get immediately
It is worth to notice that we have used the momentum conservation before taking the p h 1 = p h 1 limit.
One important consequence is that
thus we have
Although it is obviously true because Tr(T 1 T 2 ) = Tr(T 2 T 1 ), it will play important role in proofs given in late section.
Finally we want to emphasize again that the mapping we have used in this part is defined only at special momentum configurations where p h 1 = p h 1 .
The color-order reversed relation
Having done some general discussions, we will move to the proof of some identities of tree-level scattering amplitudes of color-ordered gluons coupling to gravitons at the leading order, i.e., we have neglected contributions with graviton propagators. The proof are similarly with in the pure gluon case [6] . However, the boundary case are more complicated since there are gravitons in the amplitudes.
The first identity we will prove is the color-order reversed relation
As we have remarked before, we have excluded the case n = 1. Since there are two integers (n, m), the induction proof will go along both directions, especially there are two boundary cases: one is m = 1 with arbitrary n ≥ 2 and another one, n = 2 with arbitrary m ≥ 1. To prove this inductively, we define N = n + m and assume (4.1) is true for any 3 ≤ N ≤ N , then we prove (4.1) for N + 1. Furthermore, the starting point n = 2, m = 1 for N = 3 is obviously true as discussed in previous section. The organization of this section is following. First we give a simple example. Secondly we deal with boundary case m = 1 and thirdly we deal with the boundary case n = 2 and finally we give a general proof for arbitrary (n, m). Although for our general proof, we do not need to prove two special cases, we present them here to demonstrate our idea more clearly.
An example
The simplest example of color-order reversed relation for mixed amplitudes is
To see this, we could expand the amplitude A(g 1 , g 2 , g 3 ; H 1 ) by BCFW recursion [20, 21] relation as 8
In this paper we usually express the BCFW expansion (1.5) as Mn =
We use A(H1, ..., Hi; g1, ..., gj|gj+1, ..., gn; Hi+1, ..., Hm) to denote
where the color-order reversed relation for pure gluon amplitudes as well as the mixed amplitudes with only two gluons are used. Thus we get the color-order reversed relation for amplitudes with three gluons coupled to one graviton.
The boundary case with m = 1
Now let us consider the boundary case with m = 1 and arbitrary n. The starting point m = 1, n = 2 is true by our general discussions. Using BCFW expansion, we can write
where we have used [g 2 , ..., g n−1 ] to denote the sum over all possible ordered splitting allowed by BCFW expansion. At the second line we have used the color-order reversed relation for pure gluons and for m = 1 with less than n gluons. At the third line we recombine all component to give the amplitude A(g n , ..., g 1 ; H 1 ).
The boundary case with n = 2
Now let us consider the boundary case with n = 2 and arbitrary m ≥ 1. The starting point m = 1, n = 2 is true by our general discussions. Also that this particular case is true for general m is also obviously because with only two elements, Tr(T 1 T 2 ) = Tr(T 2 T 1 ). We can also give it a proof by using BCFW expansion as following. For a given distribution of {H}, e.g. {H 1 , ..., H i } in the left set and {H i+1 , ..., H m } in the right set, we have
We should notice that in A(g 2 , g 1 ;
Thus, after summing over all the possible distributions of gravitons, we get the color-order reversed relation for mixed amplitudes with only two gluons
Color-order reversed relation for amplitudes with gluons coupled to gravitons
Now we prove the general color-order reversed relation for amplitudes with n gluons and m gravitons. The amplitude can be given by BCFW recursion relation as a sum over all the possible ordered splitting of the gluons and all possible distributions of the gravitons. For a given distribution with {H 1 , ..., H i }, {g 2 , ..., g k } in the left set and {H i+1 , ..., H m }, {g k+1 , ..., g n } in the right set, we should have
where we have used the color-order reversed relation for N ′ < N amplitudes. Thus this terms just correspond to a term in the BCFW decomposition of A(g n , g n−1 , ..., g 1 ; H 1 , ..., H m ). After summing over all terms and using the color-order reversed relation for N ′ < N amplitudes, we get the color-order reversed relation (4.1).
The U(1)-decoupling identity
The second identity we try to prove is the U (1)-decoupling identity for tree amplitudes with gluons coupled to gravitons. It is given by
where we have moved g 2 to right one by one while keep the relative ordering of (g 1 , g 3 , g 4 , ..., g n ). Similarly to previous section, our proof will go along N = n + m inductively. The starting point is n = 3, m = 1 which we will prove in following.
An example
Let us start again with simple example where n = 3, m = 1. Using BCFW, we can expand the three-gluon, one-graviton amplitudes as
Using the U (1)-decoupling identity for pure gluon A(g 1 , g 2 , g 3 ) + A(g 1 , g 3 , g 2 ) = 0, we get immediately
For the special case, we see the U (1)-decoupling identity for A 3,1 amplitudes is nothing, but the color-order reversed relation for A 3,1 amplitudes.
U (1)-decoupling identity for amplitudes with gluons coupled to gravitons
Now let us turn to the general U (1)-decoupling identity for amplitudes with n gluons coupled to m gravitons. For the amplitude A(g 1 , ..., g k , g 2 , g k+1 , ..., g n ; H 1 , ..., H m ), we should sum over all the possible distributions of the gravitons and gluons. For a certain distribution of gravity, the sum over all possible distribution of gluons is
For a given pole, the sum over all the possible positions of g 2 becomes the sum over all the possible positions of g 2 in the right set. Since we assumed there are U (1)-decoupling identities for amplitudes with N ′ < N , we can use U (1)-decoupling identity in the right set. For example
After summing over all the possible poles, we get the U (1)-decoupling identity. We should discuss the special case with only g 2 in the right set when there are gravitons in the right set. In this case, there are only two gluons in the right set, thus we cannot use the U (1)-decoupling identity in the right set. For example
The sum over all the positions of g 2 becomes the sum over all the positions of P in the left set. Thus we can use the U (1)-decoupling identity in the left set, the sum of these terms also gives zero. Considering all the contributions of poles, we get the U (1)-decoupling identity (5.1).
The KK relation
The third identity we want to prove is the generalized KK relation for amplitudes with gluons coupled to gravitons, which is given by
where the sum is over the ordered permutations of set (α, β T ) where the relative ordering of elements of set α is kept (so as the set β T , where T means the reversed ordering). The n β is the number of set β.
If the set α is empty, it is the color-order reversed relation. If the set α has only one element, it is the U (1)-decoupling identity. Thus the KK-relation is more general.
An example
The simplest KK relation for mixed amplitudes is n = 3, m = 1 which is nothing, but the U (1)-decoupling identity we have proved. Here we give a nontrivial KK relation for amplitudes with six gluons coupled to one graviton as an example. Using BCFW recursion relation, we have
Here, we choose the momenta of g 1 and g 4 as shifted momenta. We can use KK relation for amplitudes with less gluons in the left and the right sets 9 . By induction, we get
+ terms with H 1 in the left set. (6. 3)
The equation above can be reexpressed as 
In this case, we can use the KK relation in both size
Summing over all the possible distributions of gluons, using the KK relation in each term for both size, we get
This just gives
To see this, we should count the number of terms in each expression as in [6] . In (6.7), there are
In (6.8), there are (nα+n β )! nα!n β ! (n α + n β + 1) terms, thus these to expression give the same number of terms. There are two special cases when the gravitons are all in left or right set. We take all gravitons in the left set as an example:
There are
nα!n β ! terms in the above equation. This is because the left set cannot only contain g l . Respectively, there are only
Thus the numbers of terms also match. After summing all the distributions of graviton, we get the KK relation (6.1).
The disk relation for amplitudes with gluons coupled to one graviton
In the sections 4, 5 and 6, we have discussed color-order reversed relation, U(1)-decoupling identity and KK relation. These are the relations among amplitudes with gluons coupled to gravitons at the leading order. To study the relationship between gravity and gauge field, we should also consider the relation between mixed amplitudes and pure gluon amplitudes. In fact, the (n, m) MHV amplitudes with only two negative helicity gluons can be expressed by n + 2m-point pure gluon amplitudes [28] . This relation reflect the structure of disk amplitudes in string theory [27] , [4] thus we call it disk relation. Though the formula of the disk relation for MHV amplitudes given in [28] depends on the helicity configuration, we expect there is a helicity-independent formula like the KLT relation. In [28] , a helicity independent formula of the disk relation for (n, 1) amplitude is conjectured as
For a given l, P are the permutations which preserve the relative order of the gluons g 1 , g 2 ,...,g n . In P , one of the gluon corresponding to H 1 is inserted between g 1 , g l while the other one is inserted between g l and g 1 . The relation (7.1) can be rearranged into
.., g n ).
[Disk-1]
where h 1 , h 1 are the two gluons corresponding to the graviton H 1 with momenta
s gth 1 . We call this expression the first formula of the disk relation. Let us give some remarks for formula (7.2) . First the amplitude A n+2 at the right hand side is not the general one because h 1 , h 1 always have same helicity and momentum, so the right hand side is the sum of these constrained amplitudes and has some properties which are not shared by unconstrained ones. Secondly the pole structure is also constrained. For example, we have propagator P = p g 1 + p g 2 + ... + p g k + p H 1 at the left hand side, this is given by ( h 1 , g 1 , . .., g k , h 1 ) propagator at the right hand side. Exactly because we need to match up all possible propagators at the left hand side, we need to insert at all possible positions as indicated at right hand side. However, with this configuration we have the propagator P = p g 1 + ... + p g k + p h 1 at the right hand side which can not be found at the left hand side, thus we need to insert S ij factors to cancel the un-physical pole.
Let us give one example to demonstrate the cancelation of unphysical pole. The first formula of disk relation (7.2) gives
To simplify above formula we do following
where we have used the BCJ relation for the last two terms at the first line. The reason that term
3 ) multiplying by a divergent collinear factor as
depending on the helicity. Thus after multiplying s h 1 h 1 = h 1 | h 1 h 1 | h 1 we get zero.
Now we see the factor s h 1 g 2 get rid the unphysical pole s h 1 g 2 , s h 1 g 2 as we have claimed. Furthermore, using momentum conservation s g 1 g 3 = s h 1 g 2 + s h 1 g 2 + s h 1 h 1 = 2s h 1 g 2 , we arrive
which up to a scaling factor two is given already in [28] .
Another formula: As we have remarked, the right hand side of (7.2) is constrained in momentum space, thus there exists a simplification. Let us focus on these special terms with j = n, i.e., we have A(g 1 , ..., g i , h 1 , ..., g n , h 1 ). The sum of these terms is following (g 1 , . .., g n , h 1 , h 1 ), (7.5) where in the third line we have used the U (1)-decoupling identity for the second term in the second line, while in the fourth line we have recombine them into the BCJ identity for the first term. For the fourth line, the first term is zero by BCJ relation. The second term is zero for which we have discussed already. This calculation leads us to the second formula
[Disk-2] (7.6)
Cyclic symmetry: There is one point we have not discussed yet. The two equations (7.2) and (7.6) have fixed the g 1 at the first position, however, as the cyclic invariance of the A n;1 , we should be able to use g i to write the expansion at the right hand side. In other words, we should have
., g i , h 1 , g i+1 , ..., g j , h 1 , g j+1 , ..., g n , g 1 )
., g i , h 1 , g i+1 , ..., g n , g 1 , h 1 ).
[Disk-Cyclic] (7.7)
To show (7.2) is equal to (7.7), we consider the sum of different expressions. Using   A(g 1 , . .., g n ; (g 1 , g 2 , .., g i , h 1 , g i+1 , ..., g j , h 1 , g j+1 , . .., g n ) + 2≤j≤n S 1j A(g 1 , h 1 , g 2 , .., g j , h 1 , g j+1 , . .., g n ) = 2≤i<j≤n S ij A(g 2 , .., g i , h 1 , g i+1 , ..., g j , h 1 , g j+1 , . .., g n , g 1 )
Using s h 1 gt = s h 1 gt , the sum of the second term in previous equation can be simplified to
by BCJ relation. Thus, the definition (7.2) gives
The definition (7.7) gives A(g 1 , ..., g n ;
where again we have used the BCJ relation for the second term. Since h 1 , h 1 have same momentum and same helicity, they are exchangeable, thus we have shown the cyclic property of our definition 10 .
One important remark: Our proof starts with the contour I = z=0 dz z ij S ij A n+2 (z) = A n+2 (z = 0) around z = 0 and we will show that contributions from finite poles are nothing, but the BCFW expansion of A n;1 . However, to show that A n;1 = S ij A n+2 , we need to show the boundary contribution is zero.
For the boundary part, checking our formula (7.2) with (1, n) shift, we can see that when h 1 is not at the right hand side of g n , the factor S ij does not have z-dependence, so we have 1 z behavior. When h 1 is at the right hand side of g n , S ij ∼ z but now the g 1 , g n are not nearby and have the 1 z 2 behavior. Overall we have 1 z behavior, so the boundary part is indeed zero. This fact is also trivial in the second formula (7.6) and in fact, it has motivated us to do so.
The proof of the second formula
Now we consider the BCFW expansion of the right hand side of (7.6) with deformation of pair (1, n). The good point of formula (7.6) is that the g 1 , g n are always nearby, so the BCFW expansion is much simpler.
Assuming the left hand part with gluons ( g 1 , ..., g k ) and right hand part with gluons (g k+1 , ..., g n ) where k can choose from 1 to n − 1, there are following different distributions:
• (A) Both h 1 , h 1 are in the left hand part, i.e., we will have
It is worth to mention that the left hand side include the special case A L (g 1 , ..., g k , h 1 , −P ) and we have used (7.6) for the left hand part.
• (B) Both h 1 , h 1 are in the right hand part, i.e., we will have
It is worth to mention that the right hand side include the special case A R (− P , h 1 , g k+1 , ..., g j , h 1 , ..., g n ).
• (C) The last case is that h 1 belongs to the left hand part while h 1 belongs to the right hand part.
This case should give zero contribution. We have
In (7.10) when i = k we have A L (..., g k , h 1 , P ) while when j = k we have A R (− P , h 1 , g k+1 , ...). Thus rigorously we should exclude the case i = j = k. However, in this special case, S ij = 0 so it does not, in fact, affect anything.
We observe that we can write
where we have used the p h 1 = p h 1 and s h 1 P + s h 1 (− P ) = 0. Putting this back to (7.10) we obtain
s 12...kh 1 .
[IC-2] (7.11)
As explained after the (7.10) for the special cases i = j = k, the sum of these two lines in (7.11) will have coefficient S iL + S jR = s h 1 P + s h 1 (− P ) = 0, thus we can include this special case.
With this writing, it is easy to see that each term is zero in (7.11) by the BCJ relation. This zero result is nothing, but our previous discussions about the cancelation of un-physical pole with only h 1 or h 1 .
Summing all the contributions, we finished the proof of the second formula of disk relation (7.6).
The first formula
Since we have given the proof for the second formula, the first formula must be true. However, we can also give similar proof for the first formula, which demonstrate some new points. The trouble part of the first formula (7.2) is that when j = n, we will have A(g 1 , ..., g n , h 1 ), i.e., the g 1 , g n are not nearby anymore, then the h 1 can be with g 1 as well as g n . Assuming the left hand part with gluons ( g 1 , ..., g k ) and right hand part with gluons (g k+1 , ..., g n ) where k can choose from k = 1 to k = n − 1, there are following different distributions:
• (A) Both h 1 , h 1 are in the left hand part. As we have mentioned, there are two cases. The first one is
The second one is when j = n and the BCFW expansion putting h 1 to the left hand part. Using the momentum conservation we can write it as 13) where if i = 1 the factor is s g 1 h 1 ,i.e., we use the shifted momentum of g 1 . The sum over i is not zero by BCJ relation, but
If we use the further condition s h 1 h 1 = 0 we get I A−2 = 0.
• (C) The third case is that h 1 in the left hand part while h 1 in the right hand part. We have
.., g j , ..., g n ) s 12...kh 1 .
[2IC-1]
..). Again we write S ij = S iL + S jR and put it back to (7.16) to obtain
[2IC-2]
(7.17)
The first term in (7.17) will be zero by the BCJ relation. For the second term, the sum k≤j≤n−1 is the BCJ relation and it is zero. For the case j = n, the factor is given by s h 1 (− P ) +s h 1 g k+1 +...+s h 1 gn = −s h 1 h 1 = 0 by momentum conservation. Thus the second term is zero too.
• (D) Comparing to previous subsection, we have addition case where h 1 is in the left hand part while the h 1 is in the right hand part. This can happen when and only when j = n, thus we have following expression 18) where we have used the n to emphasize the shifted momentum. One good thing of this part is that the sum over i gives exact BCJ relation, thus it is zero.
Thus, after considering all contributions, we have given the proof for the first formula of disk relation (7.2).
From disk relation to color-order reversed relation
In the previous sections, we have seen two kinds of relations for amplitudes with gluons coupled to gravitons:
• (1) Color-order reversed relation, U (1)-decoupling identity and KK relation which are the relations among the mixed amplitudes.
• (2) Disk relation which is the relations between mixed amplitudes and pure gluon amplitudes.
The disk relation express the (n, m) amplitudes by n + 2m-point pure gluon amplitudes while the pure gluon amplitudes satisfy color-order reversed relation, U (1)-decoupling identity and KK relation. Thus we can give another derivation of the relations among mixed amplitudes by using disk relation and the relations among pure gluon amplitudes. In this section and the following two sections, we will derive the relations among the amplitudes with gluons coupled to one graviton in this way.
An example
We give the the color-order reversed relation for (3, 1) amplitudes using disk relation as an example
here the second formula of disk relation, the cyclic symmetry and the invariance of the amplitudes under h 1 ⇔ h 1 have been used.
General color-reversed relation for amplitudes with gluons coupled to one graviton
From the second formula of disk relation, we can get the disk relation
where we have used the symmetry under h 1 ⇔ h 1 .
From disk relation to U(1)-decoupling identity
In this section, we consider the U (1) decoupling identity for amplitudes with gluons coupled to one graviton by disk relation and corresponding properties of pure gluon amplitudes.
An example
The simplest example is the U (1)-decoupling identity for (3, 1) amplitudes, this is same with the colororder reversed relation given in the previous section. We will give one more example: the U (1)-decoupling identity for (4, 1) amplitudes. Using the first formula of disk relation, the amplitude A(g 1 , g 2 , g 3 , g 4 ; H 1 ) can be given as sum of three parts
The A part is the contribution with both h 1 and h 1 between g 1 and g 3 . The B part is the contribution with h 1 between g 1 and g 3 , h 1 between g 3 and g 1 , while the C part is the contribution with both h 1 and h 1 between g 3 and g 1 . With BCJ relation, B can be expressed by
With U (1)-decoupling identity for pure gluon amplitudes, A can be reexpressed as
With KK relation for pure gluon amplitudes with {α} = {g 2 } and {β} = {h 1 , g 4 , h 1 }, C can be reexpressed as g 2 , h 1 , g 4 , h 1 , g 3 ) − A(g 1 , h 1 , g 2 , g 4 , h 1 , g 3 ) − A(g 1 , h 1 , g 4 , g 2 , h 1 , g 3 ) − A(g 1 , h 1 , g 4 , h 1 , g 2 , g 3 g 2 , h 1 , g 4 , h 1 , g 3 ) − A(g 1 , h 1 , g 2 , g 4 , h 1 , g 3 ) − A(g 1 , h 1 , g 4 , g 2 , h 1 , g 3 ) − A(g 1 , h 1 , g 4 , h 1 , g 2 , g 3 ) ].
Thus A + C becomes
At last we have the U (1)-decoupling identity
In the proof given above, the amplitude A(g 1 , g 2 , g 3 , g 4 ; H) is expressed by six-gluon amplitudes via disk relation. These pure gluon amplitudes can be given by A(g 1 , {α}, g 3 , {β}) . The sums of terms with h, h 1 ∈ {α}, h, h 1 ∈ {β} and h ∈ {α}, h 1 ∈ {β} are corresponding to A, C and B. B term vanishes due to fundamental BCJ relation. With U (1)-decoupling identity and KK-relation for pure gluon amplitudes, the sum of A and C can give the R. H. S. of the U (1)-decoupling identity for amplitudes with three gluons coupled to one graviton.
General U (1)-decoupling identity for amplitudes with gluons coupled to one graviton
General U (1)-decoupling identity for gluons coupled to one graviton can be given similarly. From disk relation we can see
S ij A(g 1 , ..., g i , h 1 , g i+1 , ..., g j , h 1 , g j+1 , . .., g n−1 , g n ) (g 1 , ..., g i , h 1 , g i+1 , . .., , g n−1 , h 1 , g n ) (g 1 , ..., g i , h 1 , g i+1 , . .., g n−1 , g n , h 1 )
We can use U (1)-decoupling identity to express the first line of the equation above as
.., g n−1 ). (9.3)
The three lines correspond to contributions of different position of g N : the first line give the terms with g N on the left side of h 1 , the second lines give the terms with g N between h 1 and h 1 while the third line gives terms with g N on the right side of h 1 . With KK relation for pure gluon amplitudes, the fourth line of (9.2) can be expressed as
Thus the sum of the first and the fourth lines is
.., g n−1 ). (9.5) There are two special terms in the equation above should be noticed: When k = n−2, there is no amplitude with g n on the left side of h. when k = 1, there is no amplitude with g n on the right side of h 1 . Thus, rigorously, we should sum over 1 ≤ k < n − 2 for amplitudes with g n on the left side of h and 2 ≤ k < n − 1 for amplitudes with g n on the right side of h 1 . However, with S ij = 0 for i = j, the terms with k = n − 2 and k = 1 can also be contained in the two cases, respectively. Using the second formula of disk relation, the equation above becomes
.., g n−1 ). (9.6) With BCJ relation for pure gluon amplitudes, the second line of (9.2) can be reexpressed as
while the third line of (9.2) can be reexpressed as
Using the invariance of the amplitude under h 1 ⇔ h 1 , the second and the third lines cancel out with each other. Thus we get the U (1)-decoupling identity
.., g n , g n−1 ; H 1 ). (9.9) 10 From disk relation to KK relation
As we have remarked, the color-order reversed relation and U (1)-decoupling identity can be considered as two special cases of KK relation. In this section, we will focus on the proof of KK relation.
An example
We first prove the KK relation for A(g 1 , g 2 , g 3 , g 4 , g 5 , g 6 ; H 1 ) as an example. There are three different cases:
The first case is a U (1)-decoupling identity combined with a color-reversed relation. The third case is just a U (1)-decoupling identity. Thus we only consider A(g 1 , {g 2 , g 3 }, g 4 , {g 5 , g 6 }; H 1 ) as the first nontrivial case.
With the first formula of disk relation
We divide all terms into these three categories according to the positions of h 1 and h 1 : (1) With the BCJ relation for pure gluon amplitudes, the part B is calculated as following:
where momentum conservation, h 1 ⇔ h 1 and collinear limits of pure gluon amplitudes have been used. Each eight-gluon amplitude in A can be given by KK relation for pure gluon amplitudes with four gluons in {α} and two gluons in {β}. Thus we have (g 1 , g 6 , g 5 , h 1 , g 2 , h 1 , g 3 , g 4 ) + A(g 1 , g 6 , h 1 , g 5 , g 2 , h 1 , g 3 , g 4 ) + A(g 1 , g 6 , h 1 , g 2 , g 5 , h 1 , g 3 , g 4 ) + A (g 1 , g 6 , h 1 , g 2 , h 1 , g 5 , g 3 , g 4 ) + A(g 1 , g 6 , h 1 , g 2 , h 1 , g 3 , g 5 , g 4 ) + A(g 1 , h 1 , g 6 , g 5 , g 2 , h 1 , g 3 
(10.4)
Each eight-gluon amplitude in C can be given by KK relation for pure gluon amplitudes with two gluons in {α} and four gluons in {β}. Thus we have h 1 , g 6 , g 5 , g 2 , g 3 , h 1 , g 4 ) + A(g 1 , h 1 , g 6 , g 5 , g 2 , h 1 , g 3 , g 4 ) + A(g 1 , h 1 , g 6 , g 5 , h 1 , g 2 , g 3 , g 4 ) ] g 2 , g 3 , h 1 , g 6 , h 1 , g 5 , g 4 ) + A(g 1 , g 2 , h 1 , g 3 , g 6 , h 1 , g 5 , g 4 ) + A(g 1 , g 2 , h 1 , g 6 , g 3 , h 1 , g 5 , g 4 ) + A (g 1 , g 2 , h 1 , g 6 , h 1 , g 3 , g 5 , g 4 ) + A(g 1 , g 2 , h 1 , g 6 , h 1 , g 5 , g 3 , g 4 ) + A(g 1 , h 1 , g 2 , g 3 , g 6 , h 1 , g 5 , g 4 ) + A (g 1 , h 1 , g 2 , g 6 , g 3 , h 1 , g 5 , g 4 ) + A(g 1 , h 1 , g 2 , g 6 , h 1 , g 3 , g 5 , g 4 ) + A(g 1 , h 1 , g 2 , g 6 , h 1 , g 5 , g 3 
(10.5)
Terms in A + C can be rearranged by the different permutations of gluons g 1 ,...,g 6 . For example, for permutation g 1 , g 6 , g 5 , g 2 , g 3 , g 4 , we have This is just the KK relation with two gluons g 2 , g 3 in {α} and g 5 , g 6 in {β}. This example has demonstrate the idea of general proof. We divide all terms given by disk relation into three categories: A, B and C. A, contains the amplitudes with h 1 , h 1 in set {α}. B contains the amplitudes with h 1 , h 1 in sets {α},{β}, respectively . C contains the amplitudes with h 1 , h 1 in set {β}. B vanishes due to BCJ relation. The sum of A and C is just the R.H.S. of KK relation for amplitudes gluons coupled to one graviton.
General KK relation for amplitudes with gluons coupled to one graviton
Having above example and the idea how to prove, now we turn to the general discussion on KK relation. We consider the A(g 1 , {g 2 , ..., g l−1 }, g l , {g l+1 , . .., g n }; H 1 ) case. Disk relation express the amplitude with n gluons coupled to one graviton as A (g 1 , g 2 , . .., g n ; H 1 ) = 1≤i<j<l S ij A(g 1 , ..., g i , h 1 , g i+1 , ..., g j , h 1 , g j+1 ..., g l , . .., g n ) + l≤i<j≤n S ij A(g 1 , ..., g l , ..., g i , h 1 , g i+1 , ..., g j , h 1 , g j+1 , ..., g n ) + 1≤i≤l−1,l≤k≤n S ij A(g 1 , ..., g i , h 1 , g i+1 , ..., g l , ...g j , h 1 , g j+1 , ..., g n ).
(10.8)
where three lines are categories A, C and B respectively. BCJ relation for pure gluon amplitudes can always reexpress A(g 1 , ..., g i , h 1 , g i+1 , ..., g l , ...g j , h 1 , g j+1 , ..., g n ) in the third line by amplitudes   A(g 1 , . .., g l , ...g i , h 1 , g i+1 , ..., g j , h 1 , g j+1 , ..., g n ) (10.9) with a factor −S ij and A(g 1 , ..., g l , ..., g i , h 1 , g i+1 , ..., ...g j , h 1 , g j+1 , ..., g n ) (10.10) with a factor S ij . Because of the invariance under h 1 ⇔ h 1 , the third term of (10.8) vanishes. The cancellation in the discussions on U (1)-decoupling identity is just a special case. The first line of (10.8) can be reexpressed by KK relation for pure gluon amplitudes 1≤i<j<l S ij (−1) n−l σ∈OP ({g 2 ,...,g i ,h 1 ,g i+1 ...,g j , h 1 ,g j+1 ...,g l−1 },{gn,...,g l+1 })
A(g 1 , σ, g l ). (10.11) This can be expressed in another way: Insert g l+1 , ..., g n at the positions between g 1 and g l . The insertions should reversed the relative order of g l+1 , ..., g n , i.e., g n , ..., g 1 . For a given insertion of g n , ..., g l+1 , we insert h 1 at the positions between g 1 and g l , then insert h 1 at the positions between h 1 and g l . The factor S ij is S ij = s h 1 g i+1 +, ..., +s h 1 g j . g i+1 , ..., g j are the gluons between h 1 and h 1 . They come from the set {g 2 , ..., g l−1 }. Multiplying the factor (−1) n−l and summing over all the insertions of g l+1 , ..., g n with the relative order g n , ..., g l+1 , the first line of (10. A(g 1 , σ, g l ). (10.13) This can be expressed in a similar way as the first line: We insert g l+1 , ..., g n at the positions between g 1 and g l with the relative order g n , ..., g l+1 . For a given insertion of g n , ..., g l+1 , we insert h 1 at the positions between g 1 and g l , then insert h 1 at the positions between h 1 and g l . The factor S ij is S ij = s h 1 g i+1 +, ..., +s h 1 g j where g i+1 , ..., g j are the gluons between h 1 and h 1 . They come from the set {g n , ..., g l+1 }.
Multiplying the factor (−1) n−l+2 = (−1) n−l and summing over all the possible insertions of g n , ..., g l+1 , the second line of (10. (g 1 , . .., h 1 , ..., h 1 , ..., g n ), (10.14) where the invariance of the amplitudes under h 1 ⇔ h 1 has been used. For a given permutation g 1 , .
.., h 1 , ..., h 1 , ..., g n , the sum of the factors S ij in (10.12) and (10.14) becomes s h 1 g i+1 + ..., +s h 1 g j . Here g i+1 ,...,g j are all the gluons between h 1 and h 1 . Thus the sum of (10.12) and (10.14) just gives KK relation.
Remarks
In this paper, we have shown two kinds of amplitudes relations: the relations among mixed amplitudes and the disk relation between mixed amplitudes and pure gluon amplitudes. In the first case, the colororder reversed relation, U (1)-decoupling identity and KK relation for amplitudes with gluons coupled to gravitons at the leading order have the similar forms like those in pure gluon case, i.e. the appearing of gravitons does not cause any differences. Unlike above three relations, the BCJ relation for mixed amplitudes is more tricky. The basic reason is the nontrivial kinematic factors s ij multiplying these amplitudes. The momentum conservation condition, which is crucial for the BCJ relation, will be modified by gravitons, thus the naive BCJ relation will not hold. There are two possibilities we can consider. The first one is to modify these kinematic factors to make BCJ relation. The second possibility is the the naive BCJ relation is not zero, but something which can be written down in general. These two possibilities are under investigation.
Another question is the explicit disk relations with gluons coupled to more than one graviton. Although the string theory analysis tells us this formula must exist, its explicit form has not been given except the MHV amplitude [28] .
